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Question 1

– The Darcy equation

The Darcy equation can be written


1
ku+∇p = 0 in Ω

divu = f in Ω

p = d in ΓD

u · n = 0 in ΓN

with d = pin1Γ4 + pout1Γ2 , ΓD = Γ2 ∪ Γ4 and ΓN = Γ1 ∪ Γ3 We search a mixed-form weak
formulation for the Darcy equation by multiplying by a smooth functions test v,p and integrate over
Ω. We impose v · n = 0 to stay in the space where u should be. We obtain with integration by part

0 =

∫
Ω

(
1

k
u+∇p)v =

∫
Ω

1

k
u · v +

∫
Ω

v · ∇p = 1

k

∫
Ω

u · v +

∫
∂Ω

pv · n−
∫
Ω

pdivv

=
1

k

∫
Ω

u · v +

∫
ΓD

dv · n−
∫
Ω

p divv

for the first equation, and ∫
Ω

q divu =

∫
Ω

fq

for the second. For the integrals to be defined, we need v and divv to be L2(Ω), so we define the
space

V = H1(div,Ω) = {v ∈ L2(Ω) : divv ∈ L2(Ω)}
which is a Hilbert space endowed with the scalar product (u,v)V = (u,v)L2(Ω) + (divu,divv)L2(Ω)

and its induced norm. We would like to define a V0 to encapsulate the condition u ·n = 0 but for that
we need a notion of trace in V . Let’s show that v · n is a bounded linear form on H1/2(Ω), namely a
element of H−1/2(Ω). For any function g ∈ H1/2(∂Ω), we can by definition find a qg ∈ H1(Ω) such
that the trace of qg is g and ∥qg∥H1(Ω) ≤ γ∥g∥H1/2(∂Ω). Then we see that∫

∂Ω

gu · n =

∫
Ω

qg divu+

∫
Ω

u∇qg

≤ ∥qg∥L2(Ω)∥ divu∥L2(Ω) + ∥u∥L2(Ω)∥∇qg∥L2(Ω)

≤ ∥u∥V ∥qg∥H1(Ω) (by Cauchy-Schwarz)
≤ ∥u∥V γ∥g∥H1/2(∂Ω)
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and u · n is indeed a bounded functional for any u. We can now define the subspace

V0 = HΓN
(div,Ω) = {v ∈ V : v · n = 0 on ΓN}.

The weak formulation becomes then:
find u ∈ V0 = HΓN

(div,Ω) and p ∈ Q = L2(Ω) such that{
1
k

∫
Ω
u · v −

∫
Ω
p divv = −

∫
ΓD

dv · n ∀v ∈ V0 = HΓN
(div,Ω)∫

Ω
q divu =

∫
Ω
fq ∀q ∈ Q = L2(Ω)

or: find u ∈ V0 and p ∈ Q such that{
a(u,v) + b(v, p) = D(v) ∀v ∈ V0

b(v, q) = F (q) ∀q ∈ Q

where we have defined the linear forms

a(u,v) = 1
k

∫
Ω
u · v b(v, q) = −

∫
Ω
q divv

D(v) = −
∫
ΓN

dv · n F (q) =
∫
Ω
fq.

First, we see that the data f and d are clearly regular enough and are respectively L2(Ω) and L1/2(Ω)
We want to show continuity, coercivity, and inf-sup conditions on the linear forms, to use the theorem
of of the course about well-posedness for mixed-forms. Continuity of a:

|a(u,v)| = |(u,v)L2(Ω)| ≤
1

k
∥u∥L2(Ω)∥v∥L2(Ω) ≤

1

k
∥u∥V0∥v∥V0

Continuity of b:
|b(u, p)| ≤ ∥divu∥L2(Ω)∥p∥L2(Ω) ≤ ∥u∥V0

∥p∥Q
Continuity of F :

|F (q)| ≤ ∥f∥L2(Ω)∥q∥L2(Ω)=Q

The continuity of D is a consequence of the trace theorem:

|D(v)| ≤ ∥d∥H1/2(∂Ω)∥v · n∥H−1/2(∂Ω) ≤ ∥d∥H1/2(∂Ω)γ∥v∥V0

The Coercivity of a on V 0 = kerB = {v ∈ V : divv = 0} where B is the linear operator such that
(u, Bv)L2(Ω) = b(u,v), is immediate since

a(v,v) = 1/k∥v∥2L2(Ω). = 1/k
(
∥v∥2L2(Ω) + ∥divv∥2L2(Ω)

)
= 1/k∥v∥2V .

Now come the inf-sup condition, and we see that for

|b(v, q)|
∥v∥V

=

∫
Ω
q divv

∥v∥V

to be big, one should find a divv = q. We can do that by resolving the Dirichlet problem

{
∆ψ = q in Ω

ψ = 0 in ∂Ω
which has a H2(Ω)-solution since q ∈ L2(Ω), and hence ∇ψ, as well as div∇ψ = q are in L2(Ω). We
have then ∇ψ ∈ V with

∥∇ψ∥2V = ∥∇ψ∥2L2(Ω) + ∥q∥2L2(Ω) ≤ (1 + C)∥q∥2L2(Ω)
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by Poincaré inequality, and taking ∇ψ as a value for v we get

sup
v∈V0

|b(v, q)|
∥v∥V

≥ |b(∇ψ, q)|
∥∇ψ∥V

=
∥q∥2Q

∥∇ψ∥V
≥ (1 + c)1/2∥q∥Q,

so the inf-sup condition is satisfied with β = (1 + c)1/2.
All the conditions of the theorem are satisfied and the problem admit a unique solution with

∥u∥V + ∥p∥Q ≤ C2∥D∥′V + ∥F∥′Q, so the problem is well posed.

– The diffusion-transport equation

The diffusion-transport equation can be written


−ν∆c+ u · ∇c = g in Ω

c = 0 on ΛD = Γ1 ∪ Γ3 ∪ Γ4

ν∇c · n = 0 on ΛN = Γ2

This

is an elliptic equation and we search for a weak form by multiplying by a smooth enough w and
integrating over Ω. We take w such that its trace on ΓD is zero, so that it doesn’t affect the Dirichlet
condition for of the solution. By integration by part we obtain:∫

Ω

(−ν∆c+ u · ∇c)w = −ν
∫
Ω

w∆c+

∫
Ω

wu · ∇c

= ν

∫
Ω

∇w∇c−
∫
∂Ω

w∇c · n+

∫
Ω

wu · ∇c

= ν

∫
Ω

∇w∇c−
∫
ΛN

w0+

∫
ΛD

0∇c · n+

∫
Ω

wu · ∇c

= ν

∫
Ω

∇w∇c+
∫
Ω

wu · ∇c

where we have used w = 0 on ΛD and ν∇c · n = 0 on ΛN . Doing the same for the right hand side we
get

ν

∫
Ω

∇w∇c+
∫
Ω

wu · ∇c =
∫
Ω

gw

For all the integral to be well defined, we need at least w, c ∈ H1(Ω) =: W and g ∈ L2(Ω); we define
W0 = {w ∈ W : w = 0 on ΓD} so that actually c, w ∈ W0 for the hypothesis we used. This is a
Hilbert subspace of H1(Ω), seen as the kernel of the trace function on ΓD and endowed with the same
scalar product as in H1(Ω).

We want to apply the Lax-Milgram theorem, we define the functions

α(c, w) := ν

∫
Ω

∇c∇w +

∫
Ω

wu · ∇c and G(w) :=

∫
Ω

gw

so that the problem is: find c ∈ W0 such that α(c, w) = G(w) ∀w ∈ W0. The continuity of α follow
from

|α(c, w)| ≤ ν∥∇c∥L2(Ω)∥∇w∥L2(Ω) + ∥w∥L2(Ω)∥u · ∇c∥L2(Ω)

≤

il faudrait que une des 3 soit essentiellement bornée
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Question 2
For the Darcy problem, as it is a mixed problem, we choose the Raviart-Thomas finite element
space on triangles, RTr (of degree r). It is adapted because it use a non standard finite element
space for the velocity fields u and take care of the divergence, as well as the continuity in edges of
triangles with respect to normal direction. For the advection-diffusion problem, we choose the space
of continuous finite element of degree r, Pr. The choice of the degree is r = 2. We notice that
the data is not continuous, and therefore the space chosen should theoretically allow discontinuous
functions. However, the discontinuity of the data is just a consequence of a simple choice, to models
the pump and the presence of pollution. Therefore we can take a higher method, we could have
chosen a continuous data but the finite elements will smooth it for us, and we will have a way better
convergence. Namely, both methods has a rate of convergence of r + 1 (assuming that the solution
has regularity Hr+1(div,Ω)).

Question 3
The code is listed in the appendix. Here are the results:

IsoValue
-0.0512821
0.025641
0.0769231
0.128205
0.179487
0.230769
0.282051
0.333333
0.384615
0.435897
0.487179
0.538462
0.589744
0.641026
0.692308
0.74359
0.794872
0.846154
0.897436
0.948718
1
1.05128
1.10256
1.15385
1.20513
1.25641
1.30769
1.35897
1.41026
1.46154
1.51282
1.5641
1.61538
1.66667
1.71795
1.76923
1.82051
1.87179
1.92308
2.05128

p

Figure 1: The value of the pressure p.
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IsoValue
-11.5223
-10.6107
-10.003
-9.39527
-8.78755
-8.17982
-7.57209
-6.96437
-6.35664
-5.74891
-5.14119
-4.53346
-3.92573
-3.318
-2.71028
-2.10255
-1.49482
-0.887096
-0.279369
0.328358
0.936085
1.54381
2.15154
2.75927
3.36699
3.97472
4.58245
5.19017
5.7979
6.40563
7.01336
7.62108
8.22881
8.83654
9.44426
10.052
10.6597
11.2674
11.8752
13.3945

u_1

Figure 2: The value of the first coordinate of the velocity u.

IsoValue
-13.4937
-12.5633
-11.9429
-11.3226
-10.7023
-10.082
-9.46168
-8.84137
-8.22105
-7.60074
-6.98042
-6.36011
-5.73979
-5.11948
-4.49916
-3.87885
-3.25853
-2.63822
-2.0179
-1.39759
-0.77727
-0.156955
0.46336
1.08367
1.70399
2.3243
2.94462
3.56493
4.18525
4.80556
5.42588
6.04619
6.66651
7.28682
7.90714
8.52745
9.14777
9.76808
10.3884
11.9392

u_2

Figure 3: The value of the second coordinate of the velocity u.
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IsoValue
-0.156334
0.0781669
0.234501
0.390834
0.547168
0.703502
0.859836
1.01617
1.1725
1.32884
1.48517
1.6415
1.79784
1.95417
2.11051
2.26684
2.42317
2.57951
2.73584
2.89217
3.04851
3.20484
3.36118
3.51751
3.67384
3.83018
3.98651
4.14285
4.29918
4.45551
4.61185
4.76818
4.92451
5.08085
5.23718
5.39352
5.54985
5.70618
5.86252
6.25335

c

Figure 4: The value of the pollution c.

Question 4
We copy the code of question 3 and add a loop for the mesh generation, where we refine it at each
time. We use the function "trunc" and divide by two the edges each time, (meaning that we multiply
by four the number of triangles). The results are not quite as regular as we expected. We see that
the code we have written doesn’t converge really precisely as we augment the refinement. The value
oscillate around 0.0009 and 0.005 and the relative error is biggest than 0.1. The method take a lot of
time as soon as we arrive the third iteration. We conclude that the uniform mesh is very costly, and
doesn’t need to be as precise everywhere, since the only irregularities appear around the two little
squares. An adaptive method which take into account the shape of the current c should give better
results. We will do it in the next question.

Question 5
We do as in the last question but instead of using a uniform refinement, we use the funcion "adaptmesh"
and giv it the current function c. As expected the results are wy better and we see a convergence
appear.
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Th

Figure 5: The non uniform mesh

The output is the following:
The resulting polution in the pump is
At iteration 1: phi= 0.000324542
At iteration 2: phi= 0.0010733 with relative error 0.697622
At iteration 3: phi= 0.00106978 with relative error 0.00329416
The relative error is attained with few iteration so we can’t show with confidence that the error has
the wanted rate.

Appendix

A Code of question 3

load "Element_Mixte"
bool wai t s=true ; // d i sp l ay parameter

// Constants :
r e a l k=1. ;
r e a l pin =2. ;
r e a l nu=0.05;

// Borders :
// the main border :
border g1 ( t =0 ,1){x=t ; y=0;}
border g2 ( t =0 ,1){x=1; y=t ; }
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border g3 ( t =0 ,1){x=1−t ; y=1;}
border g4 ( t =0 ,1){x=0; y=1−t ; }
// the rans fo rmat ions f o r the two squares :
func r e a l t r an s f 1 ( r e a l s ) { re turn ( s −0.5)∗0.04 + 0 . 5 ; }
func r e a l t r an s f 2 ( r e a l s ) { re turn ( s −0.5)∗0.04 + 0 . 3 ; }
//C1 :
border c01 ( t =0 ,1){x=t r an s f 1 ( t ) ; y=t r an s f 1 ( 0 ) ; }
border c02 ( t =0 ,1){x=t r an s f 1 ( 1 ) ; y=t r an s f 1 ( t ) ; }
border c03 ( t =0 ,1){x=t r an s f 1 (1− t ) ; y=t r an s f 1 ( 1 ) ; }
border c04 ( t =0 ,1){x=t r an s f 1 ( 0 ) ; y=t r an s f 1 (1− t ) ; }
//C2 :
border c11 ( t =0 ,1){x=t r an s f 2 ( t ) ; y=t r an s f 2 ( 0 ) ; }
border c12 ( t =0 ,1){x=t r an s f 2 ( 1 ) ; y=t r an s f 2 ( t ) ; }
border c13 ( t =0 ,1){x=t r an s f 2 (1− t ) ; y=t r an s f 2 ( 1 ) ; }
border c14 ( t =0 ,1){x=t r an s f 2 ( 0 ) ; y=t r an s f 2 (1− t ) ; }

// Mesh :
i n t i =3; // Refinement c o e f i c i e n t
i n t j=i ;
mesh Th = buildmesh ( g1 (25∗ i )+g2 (25∗ i )+g3 (25∗ i )+g4 (25∗ i )

+ c01 ( i )+c02 ( i )+c03 ( i )+c04 ( i )
+ c11 ( j )+c12 ( j )+c13 ( j )+c14 ( j ) ) ;

// p l o t (Th, wait=waits ) ;
// p l o t (Th2 , wait=waits ) ;
i n t regionomega = Th( 0 . 1 , 0 . 1 ) . r eg i on ; // the big r eg i on ~= Omega
i n t r eg i onc1 = Th( 0 . 5 , 0 . 5 ) . r eg i on ; //C1
in t r eg i onc2 = Th( 0 . 3 , 0 . 3 ) . r eg i on ; //C2

// F in i t e e lements spaces and some elements :
f e spac e Vh(Th,RT2) ;
Vh [ uh1 , uh2 ] , [ vh1 , vh2 ] ;
f e spac e Qh(Th, P2 ) ;
Qh ph , qh ;
Qh fh = −1000.∗( r eg i on==reg ionc1 ) ;
f e spac e Wh(Th, P2 ) ;
Wh ch , wh ;
Wh gh = 1000 .∗ ( r eg i on==reg ionc2 ) ;

// The problems :
problem DarcyRT ( [ uh1 , uh2 , ph ] , [ vh1 , vh2 , qh ] ) =

int2d (Th) ( 1 . / k∗( uh1∗vh1+uh2∗vh2 ) )
− in t2d (Th) ( ph∗( dx ( vh1 ) + dy ( vh2 ) ) )
+ int1d (Th,4)(− pin ∗vh1 )
+ int2d (Th) ( qh∗( dx ( uh1 ) + dy (uh2 ) ) )
− in t2d (Th) ( fh ∗qh )
+ on (1 ,3 , uh2=0)
+ on (4 , ph=pin ) + on (2 , ph=0); //Neuman cond i t i on as a D i r i c h l e t one

DarcyRT ;
problem Di f fus ionP ( ch ,wh) =
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int2d (Th) ( nu∗( dx ( ch )∗dx (wh) + dy ( ch )∗dy (wh) ) )
+ int2d (Th) (wh∗( uh1∗dx ( ch ) + uh2∗dy ( ch ) ) )
− in t2d (Th) ( gh∗wh)
+ on (1 , 3 , 4 , ch=0); // D i r i c h l e t cond i t i on

Di f fus ionP ;

// Plot s :
p l o t (ph , f i l l =true , nb i so=40, va lue=true ,cmm="p" , ps=" graph i c s /ph . eps " , wait=waits ) ;
p l o t (uh1 , f i l l =true , nb i so=40, va lue=true ,cmm="u_1" , ps=" graph i c s /uh1 . eps " , wait=waits ) ;
p l o t (uh2 , f i l l =true , nb i so=40, va lue=true ,cmm="u_2" , ps=" graph i c s /uh2 . eps " , wait=waits ) ;

p l o t ( ch , f i l l =true , nb i so=40, va lue=true ,cmm="c" , ps=" graph i c s /c . eps " , wait=waits ) ;

// Po l l u t i on
r e a l phi = int2d (Th, r eg i onc1 ) ( ch ) ;
cout<<"−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−"<<endl ;
cout<<"The␣ r e s u l t i n g ␣ po lu t i on ␣ in ␣ the ␣pump␣ i s : ␣"<< phi <<endl ;
cout<<"−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−"<<endl ;

B Code of question 4

load "Element_Mixte"
bool wai t s=f a l s e ; // d i sp l ay parameter

// Constants :
r e a l k=1. ;
r e a l pin =2. ;
r e a l nu=0.05;

// Borders :
border g1 ( t =0 ,1){x=t ; y=0;}
border g2 ( t =0 ,1){x=1; y=t ; }
border g3 ( t =0 ,1){x=1−t ; y=1;}
border g4 ( t =0 ,1){x=0; y=1−t ; }

func r e a l t r an s f 1 ( r e a l s ) { re turn ( s −0.5)∗0.04 + 0 . 5 ; }
func r e a l t r an s f 2 ( r e a l s ) { re turn ( s −0.5)∗0.04 + 0 . 3 ; }
border c01 ( t =0 ,1){x=t r an s f 1 ( t ) ; y=t r an s f 1 ( 0 ) ; }
border c02 ( t =0 ,1){x=t r an s f 1 ( 1 ) ; y=t r an s f 1 ( t ) ; }
border c03 ( t =0 ,1){x=t r an s f 1 (1− t ) ; y=t r an s f 1 ( 1 ) ; }
border c04 ( t =0 ,1){x=t r an s f 1 ( 0 ) ; y=t r an s f 1 (1− t ) ; }

border c11 ( t =0 ,1){x=t r an s f 2 ( t ) ; y=t r an s f 2 ( 0 ) ; }
border c12 ( t =0 ,1){x=t r an s f 2 ( 1 ) ; y=t r an s f 2 ( t ) ; }
border c13 ( t =0 ,1){x=t r an s f 2 (1− t ) ; y=t r an s f 2 ( 1 ) ; }
border c14 ( t =0 ,1){x=t r an s f 2 ( 0 ) ; y=t r an s f 2 (1− t ) ; }

// Mesh :
i n t i =1; // Refinement c o e f i c i e n t

9



Benoît Müller Numerics for Fluids, Structures and Electromagnetics Fall Semester 2021

i n t j=i ;
mesh Th= buildmesh ( g1 (25∗ i )+g2 (25∗ i )+g3 (25∗ i )+g4 (25∗ i )

+ c01 ( i )+c02 ( i )+c03 ( i )+c04 ( i )
+ c11 ( j )+c12 ( j )+c13 ( j )+c14 ( j ) ) ;

// p l o t (Th2 , wait=waits ) ;

bool cond i t i on = true ;
i n t i t e r = 0 ;
r e a l phi =0. ;
r e a l l a s t p h i =0. ;
r e a l e r r ;
cout<<"The␣ r e s u l t i n g ␣ po lu t i on ␣ in ␣ the ␣pump␣ i s "<<endl ;
whi l e ( cond i t i on ∗ i t e r <4){

i t e r = i t e r + 1 ;
// the cur rent mesh :
p l o t (Th, wait=waits ) ;
// compute the phi :
i n t regionomega = Th( 0 . 1 , 0 . 1 ) . r eg i on ; // the big r eg i on ~= Omega
i n t r eg i onc1 = Th( 0 . 5 , 0 . 5 ) . r eg i on ; //C1
in t r eg i onc2 = Th( 0 . 3 , 0 . 3 ) . r eg i on ; //C2

// F in i t e e lements spaces and some elements :
f e spac e Vh(Th,RT2) ;
Vh [ uh1 , uh2 ] , [ vh1 , vh2 ] ;
f e spac e Qh(Th, P2 ) ;
Qh ph , qh ;
Qh fh = −1000.∗( r eg i on==reg ionc1 ) ;
f e spac e Wh(Th, P2 ) ;
Wh ch , wh ;
Wh gh = 1000 .∗ ( r eg i on==reg ionc2 ) ;

// The problems :
problem DarcyRT ( [ uh1 , uh2 , ph ] , [ vh1 , vh2 , qh ] ) =

int2d (Th) ( 1 . / k∗( uh1∗vh1+uh2∗vh2 ) )
− in t2d (Th) ( ph∗( dx ( vh1 ) + dy ( vh2 ) ) )
+ int1d (Th,4)(− pin ∗vh1 )
+ int2d (Th) ( qh∗( dx ( uh1 ) + dy (uh2 ) ) )
− in t2d (Th) ( fh ∗qh )
+ on (1 ,3 , uh2=0)
+ on (4 , ph=pin ) + on (2 , ph=0); //Neuman cond i t i on as a D i r i c h l e t one

DarcyRT ;
problem Di f fus ionP ( ch ,wh) =

int2d (Th) ( nu∗( dx ( ch )∗dx (wh) + dy ( ch )∗dy (wh) ) )
+ int2d (Th) (wh∗( uh1∗dx ( ch ) + uh2∗dy ( ch ) ) )
− in t2d (Th) ( gh∗wh)
+ on (1 , 3 , 4 , ch=0); // D i r i c h l e t cond i t i on

Di f fus ionP ;
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// Po l l u t i on
l a s t p h i = phi ;
phi = int2d (Th, r eg i onc1 ) ( ch ) ;
cout<<"At␣ i t e r a t i o n ␣"<< i t e r <<" : ␣phi=␣"<< phi ;
i f ( i t e r >1){

e r r = abs ( phi − l a s t p h i ) / phi ;
c ond i t i on = e r r > 0 . 1 ;
cout<<"␣with␣ r e l a t i v e ␣ e r r o r ␣"<< er r ;

}
cout<<endl ;
Th = trunc (Th, 1 , s p l i t =2);

}

C Code of question 5

load "Element_Mixte"
bool wai t s=f a l s e ; // d i sp l ay parameter

// Constants :
r e a l k=1. ;
r e a l pin =2. ;
r e a l nu=0.05;

// Borders :
border g1 ( t =0 ,1){x=t ; y=0;}
border g2 ( t =0 ,1){x=1; y=t ; }
border g3 ( t =0 ,1){x=1−t ; y=1;}
border g4 ( t =0 ,1){x=0; y=1−t ; }

func r e a l t r an s f 1 ( r e a l s ) { re turn ( s −0.5)∗0.04 + 0 . 5 ; }
func r e a l t r an s f 2 ( r e a l s ) { re turn ( s −0.5)∗0.04 + 0 . 3 ; }
border c01 ( t =0 ,1){x=t r an s f 1 ( t ) ; y=t r an s f 1 ( 0 ) ; }
border c02 ( t =0 ,1){x=t r an s f 1 ( 1 ) ; y=t r an s f 1 ( t ) ; }
border c03 ( t =0 ,1){x=t r an s f 1 (1− t ) ; y=t r an s f 1 ( 1 ) ; }
border c04 ( t =0 ,1){x=t r an s f 1 ( 0 ) ; y=t r an s f 1 (1− t ) ; }

border c11 ( t =0 ,1){x=t r an s f 2 ( t ) ; y=t r an s f 2 ( 0 ) ; }
border c12 ( t =0 ,1){x=t r an s f 2 ( 1 ) ; y=t r an s f 2 ( t ) ; }
border c13 ( t =0 ,1){x=t r an s f 2 (1− t ) ; y=t r an s f 2 ( 1 ) ; }
border c14 ( t =0 ,1){x=t r an s f 2 ( 0 ) ; y=t r an s f 2 (1− t ) ; }

// Mesh :
i n t i =1; // Refinement c o e f i c i e n t
i n t j=i ;
mesh Th= buildmesh ( g1 (25∗ i )+g2 (25∗ i )+g3 (25∗ i )+g4 (25∗ i )

+ c01 ( i )+c02 ( i )+c03 ( i )+c04 ( i )
+ c11 ( j )+c12 ( j )+c13 ( j )+c14 ( j ) ) ;

// p l o t (Th2 , wait=waits ) ;
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bool cond i t i on = true ;
i n t i t e r = 0 ;
r e a l phi =0. ;
r e a l l a s t p h i =0. ;
r e a l e r r ;
cout<<"The␣ r e s u l t i n g ␣ po lu t i on ␣ in ␣ the ␣pump␣ i s "<<endl ;
//Loop with re f inement un t i l r e l a t i v e e r r o r i s a t ta ined :
whi l e ( cond i t i on ){

i t e r = i t e r + 1 ;
// s p l i t the mesh :
p l o t (Th, wait=waits ) ;
// compute the new phi
i n t regionomega = Th( 0 . 1 , 0 . 1 ) . r eg i on ; // the big r eg i on ~= Omega
i n t r eg i onc1 = Th( 0 . 5 , 0 . 5 ) . r eg i on ; //C1
in t r eg i onc2 = Th( 0 . 3 , 0 . 3 ) . r eg i on ; //C2

// F in i t e e lements spaces and some elements :
f e spac e Vh(Th,RT2) ;
Vh [ uh1 , uh2 ] , [ vh1 , vh2 ] ;
f e spac e Qh(Th, P2 ) ;
Qh ph , qh ;
Qh fh = −1000.∗( r eg i on==reg ionc1 ) ;
f e spac e Wh(Th, P2 ) ;
Wh ch , wh ;
Wh gh = 1000 .∗ ( r eg i on==reg ionc2 ) ;

// The problems :
problem DarcyRT ( [ uh1 , uh2 , ph ] , [ vh1 , vh2 , qh ] ) =

int2d (Th) ( 1 . / k∗( uh1∗vh1+uh2∗vh2 ) )
− in t2d (Th) ( ph∗( dx ( vh1 ) + dy ( vh2 ) ) )
+ int1d (Th,4)(− pin ∗vh1 )
+ int2d (Th) ( qh∗( dx ( uh1 ) + dy (uh2 ) ) )
− in t2d (Th) ( fh ∗qh )
+ on (1 ,3 , uh2=0)
+ on (4 , ph=pin ) + on (2 , ph=0); //Neuman cond i t i on as a D i r i c h l e t one

DarcyRT ;
problem Di f fus ionP ( ch ,wh) =

int2d (Th) ( nu∗( dx ( ch )∗dx (wh) + dy ( ch )∗dy (wh) ) )
+ int2d (Th) (wh∗( uh1∗dx ( ch ) + uh2∗dy ( ch ) ) )
− in t2d (Th) ( gh∗wh)
+ on (1 , 3 , 4 , ch=0); // D i r i c h l e t cond i t i on

Di f fus ionP ;

// Po l l u t i on
l a s t p h i = phi ;
phi = int2d (Th, r eg i onc1 ) ( ch ) ;
cout<<"At␣ i t e r a t i o n ␣"<< i t e r <<" : ␣phi=␣"<< phi ;
i f ( i t e r >1){

e r r = abs ( phi − l a s t p h i ) / phi ;
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cond i t i on = e r r > 0 . 0 1 ;
cout<<"␣with␣ r e l a t i v e ␣ e r r o r ␣"<< er r ;

}
cout<<endl ;
Th = adaptmesh (Th, ch ) ;

}
p l o t (Th,cmm="Th" , ps=" graph i c s /Th . eps " , wait=waits ) ;
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